The temperature dependent shift of the phonon excitation spectrum in liguid He4, due to the phonon interactions in quantum hydrodynamics, is calculated over a wide range of momentum. It is found that in a limit of the small momentum the result is in agreement ·with previous papers, and in another limit of the large one the shift decreases logarithmically with increasing momentum and turns into negative value beyond a critical momentum. Further a correction term to the specific heat, which is brought by this temperature dependent shift of the spectrum and gives a deviation from the T 3 -law, is evaluated from the lowest order thermodynamical potential. The predicted contribution is proportional to T7
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and results in negligible magnitude at low-temperature and -pressure compared with the term r-T 5 (see Eq. (1· 2)), which is dominant in the analysis of the experiments for the heat capacity by Phillips On the basis of (1· 2) they analyzed the experimental data, which exhibits small deviation from T 3 -law, and showed that the value of y for the best fit, retaining the first two terms, is -4.1 X 10 37 in cgs units at the saturation vapor pressure, nearly zero at certain intermediate one and finally changes to the positive value at higher pressure. This negative r at low pressure may serve to resolve reported by Roach, Ketterson and Kuchnir. 5 ) The consistency between the thermodynamical quantities, like heat capacity, calculated with use of the excitation spectrum at finite temperature observed by neutron diffraction, and their experimental data was shown by Bendt, Cowan and Yarnell.
)
Their procedure is based on the quasi-particle picture for phonons at finite temperature. The purpose of the present paper is to examine an affect on C,, due to the shift of phonon spectrum at non zero temperature from that at T= 0, given in (1·1).
It has been extensively studied both experimentally and theoretically that expression (1·1) is subject to small but observable change at T~O by the phononphonon interactions. The shift of sound velocity in the ultrasound wave is obtained, in the collisionless region, from the real part of self-energy of low momentum phonon to the lowest order as to the phonon interactions in the quantum hydrodynamics. 7 ) To evaluate the correction to C, mentioned above at low temperature, we need only the lowest order contribution of thermodynamical potential Q, due to the phonon interactions. We find that tJ can be represented as a summation over momentum of the self-energy. Then it is required to obtain the lowest order self-energy valid over the entire range of momentum, differently from the case for the ultrasound.
In § 2 we calculate the self-energy, taking account of all contributions in the lowest order as to three and four phonon interactions in quantum hydrodynamics of Landau. We find there that in the low momentum limit the sound velocity shift agrees with the results by Carroll We also give the dispersion coefficient r(T) and compare with r at T=O. In the higher momentum range, p~KT / c, it is found that the velocity shift decreases logarithmically with increasing p and turns into the negative value beyond a critical p.
In § 3 the thermodynamical potential is expressed in terms of this self-energy and the correction to Cv is calculated. We see that this co~rection is proportional to T 7 and is negative at low temperature, which has the same order of absolute magnitude, as the y 2 -term but much less than r-term in (1· 2). Consequently the conclusion obtained by Phillips et al.
1
) remains valid at lower and higher pressures, but at certain intermediate one, in which r becomes nearly zero as is seen from the analysis of heat capacity experiments, the T 7 -term calculated here may play a role in the deviation from the T 3 -law. The last section is devoted to some discussions for the value of r. § 2. Self-energy at finite temperature
The relevant Hamiltonian of phonon interactions, in the second quantized form of hydrodynaniics, 
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where with two phenomenological parameters p ac
Now the self-energy of second order in H 8 is given by
where
The self-energy of the lowest order in H 4 is
For later convemence we write down the sum of (2 · 3) and (2 · 4) as follows:
(2·5)
where we used the notation l:(p) in place of l:(p, ep) smce l:(p, ep) is a function of only I pi =P as will be seen later. l:< 0 >(p), independent of temperature, denotes the zero point energy, which are associated with the factors 1 in (2 · 3) and 1/2 in (2 · 4). The second term, depending on temperature through nP, can be rewritten as
Eckstein and Varga 12 ) showed that 1;< 0 ) (p) coming from (2 · 3) leads to a positive r as well as a velocity shift at T= 0. The values obtained, however, depend on the upper cut off momentum. So the perturbational treatment of these temperature-indepen dent terms is not completely reliable and this difficulty re-presents a weak point of the approaches basing on the quantum hydrodynamics. Then in what follows we ignore the contribution from J;<Ol (p) and confine ourselves to that from J;<Tl(p), and we assume to regard c and r at T=O as parameters to be determined experimentally, as Phillips et al. 1 l did. In the same way as in the earlier work, 7 l we use the linear spectrum, cp for Sp, apart from using (1·1) (o = 0) to avoid the divergence at small angles in denominators in (2 · 3). Summation over p' can be carried out by an integral in the spherical coordinates. Performing the integration over the angular variables, we get
where ·12). This agreement with the latter would be natural, because his treatment is essentially the same as ours although he uses the density and velocity fields in place of the annihilation and creation operators used here.
The agreement with the former, however, might be surprising at first sight, because it has not yet been necessarily clear how can be derived the phenomenological two-fluid kinetic theory from the Hamiltonian (2 · 1) and (2 · 2) . However we can show that the two-fluid kinetic theory in the collisionless region is consistent with the dynamical behavior of the system with (2 ·1) and (2 · 2) in an appropriate approximation, although we here do not go into the details.*)
The first term in (2 ·12) differs in the numerical value from the earlier results/)' 13 )' 14 ) as was pointed out in Refs. 9) and 5), where the explicit estimates of it have not been given. We here give numerically Jc/c=.S<T)(p)jcp, using the parameters The value at T= 1 °K is less by one order of magnitude than r = -4.1 X 10 37 cgs units estimated from the heat capacity experiments, and is the same order as r = (0 ± 2) X 10 36 cgs units estimated from the neutron scattering (see § 4).
In the limit of large p, (2 · 8) We find in this case that the first term includes the logarithmically decreasing term and turns into negative value when yp 2 2:6.92 X 10-2 or p2:3.94 X 10 7 cm-I,**)
*> In the low momentum region, the second and third terms in ~3 ((2·3)) cancel out exactly the factor (u-1) 2 where (2 ·13) was used. To see more clearly this situation we carry out the numerical integration of (2 ·11) and show in Fig. 2 the variation of _s<T> (p) / cp, the velocity shift obtained from (2 · 8) . Although the validity for applying the quantum hydrodynamical approaches up to the large momentum range like this case should be critically considered, the behavior mentioned above, if it would be, might be checked by the inelastic scattering of neutrons. Cowley and W oods 16 > observed the temperature variations in T= 1 °K of excitation spectrum, but it is not so clear whether the predicted behavior is realized or not, although it appears that we could see qualitatively this behavior, for instance, in the range 0.2r-...~0,6A- To estimate the contribution of phonon interactions to Cv we calculate thermodynamical potential Q. This can be carried out in a similar way to that in the anharmonic crystal, which was done by Cowley.
>
By rearranging Q calculated , ; in the lowest order in H 3 and H 4 , it can be expressed by means of the self-energy obtained in § 2 :
where Q 0 denotes one for the harmonic parts of phonon and Eo is some constant. Using (2·5), (2·6), the symmetric property f(p,p') =f(p',p), which Is easily seen from (2 · 7), and a relation ~P't f(p, p') = z<o> (p), we obtain
. Then the internal energy
Observing the relation -Tdnp/dT=epdnp/dep, (3·3) may be considered as the form retained to the lowest order of l:(p) in an expression
where np= n (ep+ l:(p)). (3 · 4) would be the expected form in the quasi-particle picture for the weakly interacting phonons.
With use of (3 · 2) heat capacity Cv = 8 Ujf)T is given by
where Cv 0 = "L,pcpdnp/ dT leads to (1· 2) and
where we used again the apparent relation used in the above. *) The contribution to Cv from ~< 0 ) (p) gives a term proportional to ra. This is considered to be included into the main term in (1·2), in which the front factor is regarded as a parameter. § 4. Discussion
The temperature dependent shift of the phonon excitation spectrum was examined over the wide momentum range. However we should note that these results depend crucially on the dispersion of the spectrum. This holds also for the sound attenuationE; and other relaxation proceSses. As seen in the last section, the result r = -·4.1 X 10 37 cgs unit, obtained from the experiments of the heat capacity, was retained without alterations. · On the other hand, Woods and Cowley 17 > showed that r was nearly zero, (0 ± 2) X 10 36 cgs units from the neutron experiments. This result, as was shown by Pines and Woo/ 8 > was consistent with the liquid structure factor S(k) measured in X-ray,l 9 > together with the theoretical calculation of the deviation from F eynman formula by Lai, Sim and W oo. 20 
Although there is at present the apparent difference for r's value, it seems that zero or negative r is more favorable than the positive one accepted before (e.g., r.=::3 X 10 37 cgs units). If it is the case, we have the finite lifetime even at zero temperature:
which is derived from twice the imaginary part of the second term in (2 · 3). *) This is negligibly small for the wave length in the ultrasound, but amounts to the measurable order in the range of the inelastic scattering of neutrons: e.g., Then it is required to examine the validity for theoretical expression of the lifetime, at the same time further experimental investigation is hoped.
Finally our discussion and many other investigations have been based on the assumption that the phonon spectrum ep can be expressed in an odd power series in the wave vector p. This assumption, however, does not necessarily have the rigorous theoretical base. Recently F eenberg 21 ) pointed out that, under conditions of low density and weakly interacting Bose gas, if the interatomic potential falls off asymptotically as r- they might be suggestive 23 ) in the investigations of phonon spectrum and specific heat.
